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Hybrid Mode Analysis of Microstrip Lines
on Anisotropic Substrates

ABDEL-MONIEM A. EL-SHERBINY, MEMBER, IEEE

Abstract — A rigorous hybrid mode analysis is applied to microstrip lines
on anisotropic substrates to determine its high-frequency performance. The
analysis is based on a general formulation of the problem of planar
transmission lines on multilayered substrates with uniaxial anisotropy, of
which the microstrip line is a special case. Exact solution is obtained using
a functional equation technique which was previously developed and applied
to microstrip and bilateral finlines. The results were used to check the
validity of the concept of equivalent isotropic substrate, suggested by some
authors to simplify the calculation of the parameters of these lines. Certain
approximations are introduced to allow the efficient calculation of the
characteristics of microstrips on anisotropic substrates at relatively high
frequencies or for wide strips. Numerical results are given for some values
of the parameters of microstrip lines on sapphire and include the regions of
excitation of higher modes.

1. INTRODUCTION

RYSTALLINE substrates, e.g., sapphire, are used in

microstrip lines intended for use in some applica-
tions. They have certain advantages over ceramics which
include: lower losses, higher homogeneity, and lower varia-
tion of electrical parameters from specimen to specimen.
However, being anisotropic, they lead to electrical perfor-
mance of lines which differs somewhat from that of lines
on isotropic substrates typically used.

Although microstrip lines were extensively investigated
by a large number of authors and their theory is fairly well
established, the case of anisotropic substrates received much
less attention and at the present time there is no standard
method for their calculation.

The quasi-static characteristics of microstrip lines on
anisotropic substrates have been investigated by several
authors [1]-[5]. They studied mainly the static parameters
of the lines, obtained from the solution of electrostatic
problems. Some authors suggested that the effect of aniso-
tropy can be accounted for by the introduction of some
equivalent isotropic medium with some effective parame-
ters. Thus with uniaxially anisotropic substrates cut with
the optical axis perpendicular to the plane of the substrate,
it was assumed (4] that microstrip lines with substrate
thickness d and relative dielectric constants in the direc-
tions parallel and perpendicular to the axis ¢, and ¢,
respectively, will behave as if they were isotropic with
relative dielectric constant ¢, and effective substrate thick-
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ness d, given by

d,=dle,/e, e,=\ee,.

Width-dependent equivalent parameters were introduced
by Edwards and Owens [1], [2] and were shown to give
sufficiently accurate dispersion characteristics when used
with existing wave theories of microstrip lines on isotropic
substrates.

The purpose of this paper is to present a rigorous
treatment of microstrip lines on anisotropic substrates and
to check the validity of the previously introduced assump-
tions over an extended range of frequencies.

I1I. FORMULATION OF THE PROBLEM OF A PLANAR
TRANSMISSION LINE IN A MULTILAYERED
ANISOTROPIC MEDIUM

Referring to the configuration shown in Fig. 1, compris-
ing a planar transmission line embedded in a multilayered
uniaxially anisotropic medium confined between two planar
shields, which may be either conducting or magnetic walls,
The permittivity tensor of the media of the layers is as-
sumed to be of the form

g, 0 0
£=¢g,| 0 ¢ O
0 0

The Cartesian coordinates are taken such that the z-axis is
perpendicular to the plane of the line, and the magnetic
properties are described by the scalar permeability pyp,. It
can be easily seen that this configuration includes as spe-
cial cases: microstrip lines when regions I, II are uniform
and the shields are conductors or slot and suspended strip,
as well as coplanar lines when region I is uniform (air) and
region II is a dielectric layer-air structure. Moreover, it can
include symmetrical structures such as bilateral finlines
(more correctly bilateral slot-lines) when one of the shields
is a magnetic wall. The dependence of the fields on time ¢
and the longitudinal coordinate y is taken in the form
e "' where y is a real propagation constant and w is
the angular frequency. Field and current components will
be expressed through their Fourier transforms

f(x, z)fo(a, z)e"“"dcx

where f represents any of the envolved functions and « is a
complex parameter.
In the dielectric regions all field components can be
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Fig. 1 General configuration of a planar transmission line in a multi-

layered anisotropic structure. Regions I, IT are layered anisotropic
media.

expressed through E,, H,. In terms of the transforms the
following relations hold:

j 0

1

2

=5 = ab

- ‘*’P«oﬂzﬁr - YEx + (XEV

(1)

OH, - ~
i =—aH, +vH,

wsoezb:z = yﬁx + aﬁy.

(2)

E, and H, satisfy one-dimensional Helmholtz equations

2
{ jzz - xz(az +yi— készur)} E.=0

a? ;
{;*(azﬂz'k%etur)}HFO ©)

where
2 2_ 2
=g /e, k3= wlem,

Relations (1) and (2) determine the boundary conditions
which must be satisfied by Eg, H,. ;

1) Over the shields either H, =0,3E, /9z =0 for conduc-
tors, or 0H, /8z =0, E. =0 for magnetic walls.

2) On the interfaces between the dielectric layers (exclud-
ing the plane z =0 of the transmission line) the quantities

(1/x%)3E, /9z, p,H,,9H, /02, ¢ E,
are continuous. _
3) Over the plane of the line z=0, (1/k°)JE, /3z and

pu.H, are continuous while the discontinuities in dH, /3z
and ¢, E, are given by

weO[ezEz] z=x0 Olj;(a) + Yjv(a)
—i[8H, /82]

where J,, Jy are the total surface current density vector

components flowing on the thin transmission-line conduc-
tors. Introducing the notations

Ufa)= wso[ezEZ]Z: 0= afx + yfy
UZ(a): - i[aﬁz/az]z= =07 .YJ:( + a‘fv

F(a)= [(i/xz)aEZ/az]zzo =[—aE,+vE],_,

~o= () +al(a)
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and
Fy(a)=— “’No[“rﬁz] =0 [YEX + "‘Ey] =0

The general relation between the introduced functions
F,, F,,U,, U, can be written in the form

U =iweyx, F,
(4)

Functions x;. x, are determined from the solution of the
boundary value problems expressed by (3) and boundary
conditions on E, and H,. They are the Fourier transform of
the inverse Green’s functions of the structure. For the
shielded structure considered x,, x, are meromorphic func-
tions of the complex variable . Their poles on the upper
half plane Ima>0 are denoted by «,,f8,. respectively,
while the zeros are denoted by »,, 0,.

Equations (4) relate the tangential components of the
electric field to the exciting surface current sources. Func-
tions Uy, U, F,, F, have certain properties arising from the
boundary conditions imposed on surface currents and
tangential fields. Functions satisfying (4) and the boundary
conditions give the complete solution of the problem of
planar transmission lines on anisotropic substrates. Rela-
tions (4) have been derived and used to analyze the prob-
lems of microstrip and bilateral finlines on isotropic sub-
strates [6]. It is shown that the theory can be extended to
include the more general case of lines on layered aniso-
tropic media.

iwpolh = X2 .

I11.

This is a special case of the configuration of Fig. 1, when
region I is an air medium ¢, =¢, =1, while region II is an
anisotropic homogeneous medium and the strip conductor
of width W lies on the plane z =0 on the interval 0<<x <W.
The upper shield is at a distance z =d,,, while the base
conductor coincides with the plane z = — d, where d is the
substrate thickness. Functions x,, x, have the form

coth Rd, cothR_d,
+e,
R, R

MICROSTRIP LINE ON ANISOTROPIC SUBSTRATE

xi(@)=

x,(a)= R,coth Ryd, + %R,coth R,d

where

Ry=ye*+vy*—k}
R,= Va2+72 —kép‘ret >

Following the method described in [6], functions F,, F, are
represented in the form

F(a)=F (a)*e"F (—a)
E(a)=F (a)Fe“"FE (—a)

R, =\o® +v*— kiu,e,

2.2
ko = egpo-

where upper signs refer to modes with symmetrical distri-
bution of longitudinal current with respect to the strip
center, while lower signs refer to antisymmetrical modes.
F,”, F,” are functions, analytic on the lower half plane
Ima<0. For symmetrical modes the problem reduces to
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the solution of the following sets of simultaneous algebraic
equations:

A—1+2 S A, n=0,1,2,--
_'_
B,,:1+§ 3 B,, n=12,--- (5)
m=1 B T B

with coefficients
. Rele_(an) i W ReSXZ (B) ,’3 w
= €'‘n —_—

xi (—ea,) Xz (—=8,)

X1 (@), x5 («) are the minus functions resulting from the
factorization of x,, x,. Functions F|, F,” are given by

$n=—

P, Q are some constants.
The propagation constant vy is calculated from the condi-
tions

F (xiy)=iF,~ (xiy)=0. (7)

Expressions (6) together with (7) give the complete solution
to the problem. Once functions F;” and F,” are de-
termined, the wave impedance which is defined here as the
ratio of the quasi-static voltage at the center of the strip to
the total longitudinal current, can be calculated as in the
case of isotropic substrate, from the expression

i 'YFl_(_“o)
2ay wegFy~ (0)x,(0)

— 1agW/2
zZ,= g%/

where «, is the lowest order pole of x,, given by
Qo = Vk(%p‘rez - 72 .

1V. WIiDE Strip/HIGH FREQUENCY
APPROXIMATION AND HIGHER ORDER MODES

The nature of propagation in microstrip lines has been
discussed in [6], where it was interpreted as a multiple
reflection process of the plane TEM wave between the strip
and the base conductor from the strip edges. Conditions of
total reflection from the edges exist in the anisotropic case
when v lies in the interval

V0<Y <k0:u‘r z

where 7, is the zero-order root of x; when y=0. In this
case all zeros and poles of x,,x,, except for a,, are
imaginary and the coefficients §,, {, are exponentially de-
caying. Systems (5) acquire a simple form when

7 \2
e ¥ (——) +y2—klep, <1
d, z

l _wre
—e WYY Tk

£,

(8)

2gal O |
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which mean that higher order evanescent waveguide modes
in the regions below and above the strip, excited by the
reflection of the TEM wave in the region between the strip
and the substrate, will hardly reach the other edge of the
strip due to high attenuation. In this case all coefficients
£,,§, except §; will be negligibly small and dispersion
equation (7) can be written in the real form

,cos(¢/2+) _

I+ k54 cos(¢/2—¢)

©)

where

v=tan"" (y/ag) =sin~" (v/kq/l,¢, )
¢ =aoW —2argxi (a,)

xi (iv)
x3(iv) |

Explicit expressions for 4, argx;" can be obtained through
the application of the theory of factorization of meromor-
phic functions in infinite products [8]:

o (Hvl,;)(Hﬁl,;)

" (1+l,)(1+l,)
an 0"

,‘ﬁ—gwxl(o)/u,ezm(o)[

argx; (a,)= X tan™ ' (ay /o) —tan™ " (a /7;)

n

~ 2 {dyin(1+d, /do)+d,n(1+d,/d,))

where
B,=iB;
v, =1iv,
o, =i0,.

For the same approximations the line impedance is given
by
607ry

2y= Ty kqcos(&,2) y e/eeXI(O (10)

Conditions (8) prevail for lines with large stripwidth to
substrate thickness ratio and /or at high enough frequen-
cies. It is difficult to determine the exact regions where the
approximate expressions hold. However, if the propagation
constant y is known or can be estimated conditions (8) can
be checked and if found valid the impedance Z, can be
computed from (10). Expressions (9), (10) can be used,
within the range of their validity, to calculate the width of
the strip for a given impedance and frequency. Thus for a
specified Z, the angle ¢ is determined from (10) and
substituted in (9) and the resulting equation solved for .
Once vy is calculated the width can be determined from the



1264

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-29, NO. 12, DECEMBER 1981

1 i I !
20 ’ 20 40
f, GHz

Fig. 2. Duspersion characteristics of the lines investigated in [1], [2].

present theory, ---- present theory regarding sapphire as an

isotropic dielectric with equivalent ¢ given by [1], [2], © experimental

results

expression

_% 2
W= “_0 + a—oargxﬁ(ao).

Approximate expression (9) is even more accurate for the
determination of the characteristics of higher even modes.
The reason is that these modes will exist only at high
enough frequencies that conditions (8) will be automati-
cally satisfied. For the calculation of odd modes, including
the first higher mode in the microstrip line, expression (9)
must be modified to

,sin(9/2+¢)
sin(¢/2-4)

Expressions (9), (11) can be derived also using the trans-
verse resonance method applied in [7] to open microstrips.

1+k;A 0. (11)

V. NUMERICAL RESULTS AND CONCLUSIONS

Comparing the expressions for x,, x, with their expres-
sions in the isotropic case, i.e., when &, = ¢, = ¢, we notice
that except for the root R, function x, keeps its form. It
was shown in [6] that the TM-to-z component of the field,
which is described by x,. dominates at low frequencies.
This leads to the conclusion that the equivalent isotropic
parameters can be introduced in the manner suggested by
Horno [4] and are expected to give accurate results in the
quasi-static limit.

However, in the anisotropic case the high frequency limit

of the effective dielectric constant of the microstrip line &g
is always e, irrespective of the line dimensions and it
approaches this limit faster as the strip width increases.
This situation favors the use of width-dependent parame-
ters if the microstrip dispersion is to be taken into account.

Computations have been performed using the present
theory to calculate the high-frequency performance of mi-
crostrip lines on sapphire substrates with ¢, =9.4,¢, =11.6
and with dimensions of the lines investigated by Edwards
and Owens [1], [2]. The results shown on Fig. 2 are in good
agreement with the experimental measurements given by
the same authors.

Calculations were also carried out using the equivalent
isotropic parameters suggested in [1], [2], {4]. They were
compared with the results obtained from the exact theory,
leading to the following conclusions.

1) Values of the effective dielectric constant ., and the
line impedance Z, calculated using the isotropic parame-
ters suggested by Horno differ by about 4 percent at 5
GHz up to about 9 percent at 40 GHz from the results of
the theory. Therefore, they can be used mostly for rough
design calculations.

2) The width-dependent parameters suggested by
Edwards and Owens lead to values of ¢ and Z, agreeing
well with the theory up to 25 GHz and differ by less than 2
percent up to 40 GHz over the range of frequencies and
geometries considered. Therefore, this equivalent isotropic
dielectric constant is expected to give accurate results over
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Fig. 3. Dispersion characteristics of microstrip on 0.5-mm sapphire
substrate. exact, ---- approximate results. The curves are

terminated at the points of excitation of the first higher mode.
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Fig. 5. Dispersion and cutoff characteristics of the first higher odd
mogde in microstrip line on 0.5-mm sapphire.

wide frequency range when used with simplified theory or
model accounting for dispersion in microstrip with iso-
tropic substrates for CAD purposes.

3) When the microstrip is to be used at higher frequen-
cies or when higher accuracy is required rigorous theory
has to be used for the determination of its performance.

To check the validity of the approximations introduced,
lines with strip width to substrate thickness ratios W,/d =
1,2,4 on 0.5-mm thick sapphire were also calculated and
the results obtained from the exact and approximate equa-
tions are shown on Figs. 3 and 4. The dispersion character-
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Fig. 4. Impedance of microstrip line on sapphire. exact, ----

approximate results.

istics of the first higher (odd) mode are also given on Fig. 5
where the results of the exact and approximate expressions
were found nearly coincident starting from the cutoff
frequency.
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Chip Level IMPATT Combining at 40 GHz

CHARLES T. RUCKER, SENIOR MEMBER, IEEE, JOHN W. AMOSS, SENIOR MEMBER, IEEE,
AND GERALD N. HILL

A bstract —Results with series and series—parallel connections of CW
40-GHz IMPATT diodes on diamond are discussed. The effects of device
and circuit losses on the efficiency are treated. Device loss associated with
the stabilizing capacitors appears likely as the major factor limiting the
combining efficiency. Maximum combining efficiency of 82 percent has
been demonstrated for two diodes connected in series. The multichip
geometries utilize Raytheon gallium arsenide CW double-drift diode chips
and are essentially scaled versions of successful X -band geometries previ-
ously reported [1] by the authors.

1. INTRODUCTION

HE AUTHORS have reported successful work with

series and series—parallel connected IMPATT devices
at X-band frequencies [1]; it is desirable to extend this
technique to millimeter frequencies if possible. Reported
herein is work aimed at scaling the X-band multichip
geometries and techniques to 40 GHz. Current results show
the approach to be feasible with up to 82-percent combin-
ing efficiency; however, high combining efficiency (7,) has
not been routinely obtained. A possible explanation, re-
lated to capacitor loss, for some of the low 7, values is
summarized. The effects of circuit losses are also treated.
The function of the capacitors and criteria for their selec-
tion have been discussed in [1].

II. GEOMETRY FABRICATION

Fig. 1 is a sketch showing a typical successful X-band
CW device and its nominally equivalent 40-GHz counter-
part. The devices are not exactly to scale. Also shown, in
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Fig. 1.

Multichip IMPATT geometries, 10 GHz and 40 GHz.

Fig. 2, is an SEM photomicrograph of a typical two-chip
40-GHz device.

In general, all dimensions, including diamond heat sink
size, lead lengths, etc., have been held quite close to scale.
The 1nitial intent was to utilize diamond heatsinks between
0.010 and 0.013 in square for the 40-GHz work. This
dimension was increased to 0.016 in in order to ease
assembly problems and to accomodate diode and capacitor
dimensions somewhat larger than anticipated. No identifi-
able spurious modes related to the increased size of the
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